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Abstract

This paper investigates the necessary conditions relating to the existence and uniqueness of solu-
tion to impulsive system fractional differential equation with a nonlinear p-Laplacian operator.
Our problem is based on two kinds of fractional order derivatives. That is, Atangana—Baleanu—
Caputo (ABC) fractional derivative and the Caputo-Fabrizio derivative. To achieve our main
aims, we will first convert the proposed impulse system into an integral equation form. Next, we
prove the existence and uniqueness of solutions with the help of Leray—Schauder’s theory and
the Banach contraction principle. We analyze the operator for continuity, boundedness, and
equicontinuity. Further, we investigate the stability solution to the proposed impulsive system
by using stability techniques. In the last part, we demonstrate the results via an illustrative
example for the application of the results.

Keywords: Atangana—Baleanu—Caputo Derivative; Caputo—Fabrizio Derivative; Hyers—Ulam

Stability; Existence and Uniqueness.

1. INTRODUCTION

In recent years, mathematicians and modelers have
reacted enthusiastically to fractional calculus. It has
recently proven to be a powerful tool for modeling
a wide range of physical phenomena and an effec-
tive tool for describing memory and hereditary qual-
ities in various processes. Fractional calculus has
become an essential topic in multiple fields like elec-
trochemistry, anomalous diffusion process, bioengi-
neering, and fluid flow. For more details, the readers
can see Refs. [[HO. Some scientists have expanded
fractional calculus using Riemann-Liouville and
Caputo derivatives and other derivatives. We should
note that these two derivatives have a kernel with
singularity. Also, they can be viewed on the one
hand as the convolution of a derivative of a given
function with the power function for Caputo case.
For Riemann-Liouville case, it can be viewed as
the derivative of a convolution of a given function
with a power function” Caputo and Fabrizid® pre-
sented a fractional-order derivative based on the
exponential functions to process the singular ker-
nel problems; nevertheless, their derivatives don’t
have a singular kernel. They established that their
derivatives were appropriate for some types of phys-
ical problems. Atangana and Baleanu® presented
two generalized fractional derivatives that relied on
the Mittag-Leffler function to solve the problem of
non-singular and non-local kernels. This definition
upheld Caputo—Fabrizio’s, which is on an exponen-
tial function. For more details, the reader can see
Refs. I1H20l Newly, the study of impulsive FDEs
has attracted a lot of interest from researchers on
different types of FDEs. Researchers have presented

many studies about the EUS of a solution to impul-
sive FDEs. For example, see Refs. 2IH32. To our
knowledge, no one has researched for existence and
uniqueness of impulsive FDEs involving Caputo—
Fabrizio’s derivative and ABC-derivative. The moti-
vation behind our study for an impulsive system
of differential equations with non-integer order is
that most of the models in applied fields nowadays
involve fractional order derivatives and fractional
order integrals. Due to the challenging process of
determining the exact solution, we analyze sta-
bility solutions in our study. As a result, sta-
bility analysis is essential and useful in various
applications, like optimization, numerical analysis,
etc. Other significant types of stability analysis
are UH-Rassias and HU-stability, which we use in
this system. For more information on stability, we
recommend reading these papers 2388 We intro-
duce some essential contributions of researchers
for many new concepts and ideas to the Caputo—
Fabrizio derivative and ABC-derivative. For exam-
ple, Li and Gou? discussed the existence of mild
solutions for fractional impulsive evolution equa-
tions, including non-compact semigroup and peri-
odic boundary conditions. Wang et al®® studied
the existence of a PC-mild solution for impulsive
FEDs with non-local conditions. To provide mono-
tone sequential approximations for solutions to the
initial value problems, Agarwal et al3? utilized
lower and higher solutions and monotonicity con-
cepts. Baleanu et al® used the cosine family the-
ory to investigate the existence and approximate
controllability of mild solutions to impulsive FEDs.
Shah et al™ studied existence of a solution to a
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class of implicit FDEs, including some impulsive
and initial conditions. Dabas and Chauhan®? inves-
tigated the possibility of a continuous mild solution
for impulsive neutral FDEs with indefinite delay.
For further details, it can be found in Refs. 4348l
Liu et al®? studied EU of solutions for an impulsive
FDEs with p-Laplacian as follows:

DYy dp(DYp(€)) = Vi (¢ (), CeT,
wit(Cr) = Tr(p(Cr)), wp (DY (Cr)) = i

k=1,2,....m
1(0) = po, D p(Q)le=0 = 1,

where DS;J?‘S+ are Caputo derivatives of order
A* and 6* where 0 < A%, 0" < 1,A* + 0% < 2.
Mo, p1 € RaT: [Oal]agj < Cj-‘rl fOI‘j =0,1,....m
with Gny1 = LT = T\{Cla"ow}' WV(Ck) =
pw(GF) — p(¢,) where p(¢; ), u(¢;) are the left and
right limits of u(¢) at ¢ = ((k = 1,2,...,m),
respectively. Q1(¢, u(¢)), Zr(11(x)) are continuous
functions. By using fixed-point methods, Feckan
et al®V discovered certain adequate conditions for

the existence of solutions

{Dm“(o = K1(¢, R(0)), CeT
R(0) = ko, wr(G) =Zi(k(¢; ), G=12...,m,

where D(’)\I_ is Caputo factional derivative of order
0 < X < 1, Ki(¢,k(¢)) is continuous function
Ij R — R pug € R, 7T = [0,1],Q < Civ1 for
i=0,...,n, with ¢,41 = 1,7" = T\{G,...,C}
are the right and left limits of x(¢) at ¢ =
¢i(j = 1,2,...,n). Inspired by the studies afore-
mentioned, it has not been considered until yet
in impulsive FDEs involving ABC-derivative and
Caputo—Fabrizio’s derivatives. In this literature, we
investigate the existence and uniqueness of the solu-
tion for impulsive FDEs involving ABC-derivative
and Caputo—Fabrizio derivatives with a p-Laplacian
operator, as well we examine the HU-stability of the
solution given by

6P DM (¢p(§T D7 (11(€))) = Vi (¢ 11 (€)),

R = [0, 7],

N
m

Algp(§ D7 (11 (G)))]

= (G = Ta(C) = ma (),
A (Gr) = (G = Tn(Gy ) = (¢,
[6p(5F D7 (111(0)))] = %o, 111(0) = po,

(1.1)

Ezistence and Stability of Solution in Banach Space

where S‘BCD’\l is ABC-fractional of order\; and
SJF D1 is Caputo—Fabrizio derivative of order oy,
0 < A,o1 < 1land )Yy : XNxR — R"is con-
tinuous function. Further Y5 (0, ¢1(0)) = 0, for all
p1 >0, ¢¥* : PC(R,R) — R™, pe(s) = p(¢ + s) for
—¢ < s <0, m(¢) = lime o+ (G + €) while
/Jfl(C]:) = lime o~ p1(Ce +€), 0 =< (o < ¢ <
o <+ < (m < Cne1 = T, : R - R”
are continuous functions for £ = 1,2,...,m and,
respectively, u1(¢)), u1(¢, ) are the left-hand and
the right-hand limits of the function u1(¢) at ¢ = (.
The ¢,(k) = r|x|P=?) is the p-Laplacian opera-
tor and qbgl = ¢g, such that 1/p+1/¢ = 1. Our
proposed problem impulsive FDEs involving ABC-
fractional equations and Caputo—Fabrizio’s deriva-
tive is more complex and general than those men-
tioned above. To investigate the existence of the
solution and stability of our suggested problem, we
shall turn our suggested problem into an equivalent
integral using the fixed-point theory g CFZ ABCI AL
We shall provide an interpretive example for the
application.

2. PRELIMINARIES

We present notations, definitions desired, and some
background information in this section, which are
necessary for this paper.

Consider space PC(N,R) = {m N —
R : m € O ¢y, Ryy = 1,...,n+ 1, and
there exist MI(C+) and p1(¢;),J = 1,...,n, with

ul(q),m(g)}. The space PC(N,R) is a Banach

space with the norm ||u1|pc = maxeen|p1(¢)|. Set
N =1[0,7] and X = N\{¢j,..., ¢}

Definition 1 (Refs. [51] and [9). The ABC-
fractional derivative of the function K € H*(c*, d*),
and d* > ¢*,0 < * <1 is defined as

?*BCDW*/C(C)
(S 90)
1 — [ 1— } 0o,
and
ABCIDg:IC(C)
_ NG [, —7*(60 — )
) K (00)E- [ﬁ] dbo,
where N(7*) = 1 — 7* + # N(0) = N(1) = 1.

N(~*) is the normalization function.
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Definition 2 (Ref. [51)). The ABR-fractional
derivative of the function K € H*(¢*,d*), and
d* > c*,0 <~* <1 is defined as

2PRDYK(Q)
_ N(y") d (¢ —* (¢ =)
- [ e [
and
ABRDJ:IC(C)
_ N(y*) —d [* —v*(( = s)"
= _W*%/C K (600)E [?] dby.

Definition 3 (Ref. [52)). The AB-fractional inte-
gral of the function K € H*(c*,d*), d* > ¢*,v* €
[0,1] is defined as

0PI K(0)
= N O T R

¢
- / K(60)(¢ — 00)" " dby,

and
ABTIK()
1—~* v
N )t N
-
x [ N(60)(8o — )" ~"db.
¢

Lemma 1 (Refs.52land [53)). Let K € H*(c*,d*),
d* > c*,0 <" <1, we obtain

AR (ABCDIK(C) = K(Q) — K(e¥),
and
ABTY(ABCDINK(C) = K(C) — K(d¥).

Definition 4 (Ref. 51). Let w > 0,)Yf €
H*(0,w), and 0 < o7 < 1; then the ojth-order
Caputo-Fabrizio derivative of )] is defined as

iy (2= 0)W(o1) [ d(Vi(n))
FpYI0) = BT |
X exp [—01 f:;ﬂ dn,

where M(o1) is a normalizing function. Further-
more, W(0) = W(1) = 1. In Ref. 64, Losada and
Nieto presented the formula for W(oq) as W(oy) =

—2_2“, 0 < 01 < 1. The Caputo—Fabrizio derivative

is simplified to formula

CFpyoiys oy _ L [Cdi(n)
X exp [—01 f__:l} dn.

A function )§ of order v* > 0 has Riemann-
Liouville integral, Y; : (0,+00) — R, is defined
by

: /C(C )" Vi (s)d
— — s s)ds,
L'(v*) Jo !

where Re(v*) > 0 we have

+o00 ;
r'(v*) :/ e 557 " tds.
0

The Caputo—Fabrizio integral of oth-order is given

by™!

oI VI(C) =

IV
_ o) g
" 2W(oy) — oy W (o) !
20’1 /C *
n Vi (s)ds, >0,
2W(o1) — 1W(a1) Jo 1) ‘
2(1,0- ) 20 —
where (2_01W(101)) + (2—01)\1W(01) =1

Definition 5 (Ref.[55)). Let U be a Banach space.
Then the operator & : U — U is a contraction if
H%(hl) — %(RQ)H < g”hlhgn for all hi,hy € U,0 <
(< 1.

Theorem 1 (Ref. [55). Let U be a Banach space
and v be a non-empty closed subset of O. If S : ¢ —
1 is a contraction, then there exists a unique fixed
point of .

Theorem 2 (Ref. [55). Let U be a Banach space
and let & : O — U be a continuous and compact
mapping. Moreover, suppose w = {1 € U : pp =
VS, for some v € (0,1)}, be a bounded set. Then
S has at least one fixed point in O.

Lemma 2 (Ref.[56). Let ¢ be p-Laplacian. Then
we have

(&) If 1 < q* < 2,611,652 > 0 and |s1], |s2| > p] > 0,
then

165 (s1) — 6(e2)] < (g% = P} ] — .
(&) If ¢* > 2 and |1], 2| < p3, then

165(s1) — di(s2)] < (@" = Do Vet — .

2340085-4
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3. EXISTENCE AND UNIQUENESS

Theorem 3. For A\j,01 € (0,1], a function Y{(¢,11(C)) € C[0,1] satisfies (LI). Then the solution of
impulsive FDEs with a p-Laplacian operator:

SBIDM (B, (T D7 (11 (€)) = Vi (¢ m (), ¢ eR=1[0,T],
Alpp(§ED7 (11 (G)))) = 11 (GF) — Ti(Sy) = 1 (G ),

(3.1)
A (Gr) = (G = Tn(G) = m(¢y ),
[@p (6" D7 (12 (0))] = W0, u(0) = po,
8 s given by integral equation
2 C
8 Yo+ A19q(G(p1(€))) + A2/0 (€ =) HBg(Gpa(7))))dr, Jor C€[0,¢],
é_ G
5 o+ AafB(a (0)) + G ()] + Az [ (@ = 7 @u(Glun(n)ar
E§- ¢
5 + =1 o Enrar | + T ) for € € 61,62
%’é p(¢) = '
g2
S% m—+1 m
t Yo+ A1 Y Gur(G) + Ag Z G H(q(Gpa(7))))dr
EC k=1 k=1"5k-1
%:ﬂ% ¢ m
EE + [ €= @G|+ T ) for ¢ € [Gn T,
P m k=1
S (3:2)
23
§§ where
% A, — 20’1
% m+1 2 2M(O’1) — O'lM(O'l)’
2 G(u1(Q) =0+ > (V5 (G a(Cr)) g _1-N
§ . k=1 1= B(\)
% + ) T (G) T S
2 2 Pl 2 BOIOn)
+Z / M TLYE (s, 1 (s))ds Here, we define some hypotheses to prove the
Ch—1 existence and uniqueness of solution for our system,
¢ as follows:
+/C (C =)™ Vi (s, pa(s))ds (Hy) Let us assume for Ml( ),1(s) € PCXR,R)
" (3.3) there exist constants x*, k* € (0, 1) such that
V1 (7 (7)) < K7,
uhere Vi (s, ()l <x°, for s € 0,1]
Ay = 2(1 —oy) (Hsy) Let there for u1,z; € PC(X,R) we have some
1T 2M(0y) — o1 M(0q)’ constants K, L € (0,1) for each ¢,s € [0,1],

2340085-5
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such that
11(¢, 11(€)) — V(¢ z ()]
< Kllpr =zl

[V1 (s, 121(8)) — Vi (s, z1(s))|
< Ljpr =z |-

Yo + A1[G(p1(¢1)) + G(pa(Q))] + Az

¢
+ / (€ = 7)1 (G ur (7)) dr
Furi(Q) = 1 i

m—+1
Yo+ A1) G (Gr)) + As
k=1

¢
+ / (€ = 7)1 (6q(Gpr (7)) dr

Cm

Theorem 4. Presume that the conditions (Hy) —
(H3) hold, the impulsive system (L)) has at least
one solution where the following inequality is satis-

fied:
¢q[B1(m + 1)I£* + Alm + Bg(m + 1)X*]

Ag(m + 1)

A <1.
F(al) +Am <

X [Aq (’I?’L + 1) +
Proof. By the Banach space of PC([R,7T]), we
have that PC([X, 7]) which is convex, bounded, and
closed subset of PC([X, 7], R™). For the existence of
a solution, we use Schauder’s fixed-point theory. For
that, we split the proof into the following steps.

Step 1. Here, we will prove that F : PC([N,7]) —
PC([X,7T]) convex, bounded, and closed. At first,

for ¢ € [0,¢1], B4) proceed to
¢
1Fu1 ()] = [A16g(G(u1(0))) + As / (¢ =)
% (g(Gpus (7))))dr |

< A1gg | Ba|| V3 (7, (7))

¢
Yo + A1¢g(G(11(C))) + AQ/O (¢ = 1) Hg(G(ur(7))))dr,

(H3) Let the impulses 7, € C(R",R"™) be bounded
and for each pi,z; € PC(R,R) have some
constants O, Ay € (0,1) for k = 1,2,...,m,
for ¢ € [0,1], such that

121 (¢ ) — Zi (1 (G < Ollpy — 2
[ ZEpa (G < As
Define the operator F : £ — £ by

for C S [O, C1],
[ e
/0 (G — 77 NG (7))
+Zym (¢, for ¢ € [¢1, 2],
m Cr
/ (G — ) (B (G gur (7))
k=1 Ck—1
+ kaﬂl@k_% for ¢ € [Gm, 7.
k=1
(3.4)

[
B, /0 T<T—s>*1—1|yf<s,u1<s>>|ds]
¢
A /0 (S
< [Buyf(m(rm

+5; [ T(r—sw1\yf<s,u1<s>>>||ds}

Ay

rwo] =1
(3.5)

< ¢g(B1r"™ + Bax™) [Al +

Now, for the ¢ € (Ck, Cr+1], we have

m—+1

A1y 3 GG
k=1

[Fpa (O =

+ Ay

m o
(G-

2340085-6
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¢
% (6g(G (1 (7))))dr + /< (e

+ kaﬂl(g)

k=1

X (¢q(G(pa(7))))dr

m—+1 [ m—+1

< Ajgy, Z B, Z IV (75 121 (7))l

k=1 k=1

+Z||Iku1<n;>||

+BQZ/T Tk—SAl_l
k-1

X V1 (s, pa(s)llds + By

« /QT_SW1||y;<<s,m<s>>||ds

Z/C’“ =1

m+1

Bs ZHyik(Tkmul(Tk))H

k=1

+ As

X (gbq

m
+ 3 Tk ()|
k=1

m k

+ B, Z/ (Tk _ S)Mfl

k=1"Tk-1

T

x| V5 (5, 1(9)) ds + By / (r— syh-1

Tm
d7‘>
m+1

Bs ZHyik(Tkmul(Tk))H

k=1

X Vi (s, pa(s))llds

+/C (C—mn

Cm
X (gbq
+ Z”Iklll(Tk_)H

+Blz/ syM!
Tk—1

2340085-7
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x| V1 (s, pa(s))llds
+ By ’ (1t — s)’\l_l

Tm

x IIyi"(s,m(S))lldSI dT)]

+ 3 T ()l

k=1
< ¢g[Bi(m+ 1K™ + Arm
+B2(m + 1)X*]

X [Al(m+1)+A

With the help of (83) and ([B.6]), we have Fp;(¢) <
1. The first step is completed.

Step 2. Here, we will prove that F a continuous
operator. For this, consider a convergent sequence
p1n — p1 onthe PC([R, 7). Since Y5 (¢, p1(¢)) and
the impulses Z} 111 (¢, ) are continuous operators on
PC(N, 7)) for k=1,2,...

we have

,m. Then for ¢ € [0, (1],

[ F1,0(C) = Fra(Q)l
< A19[[(G(11,1(€))) — G(u1(0)))l

¢

+As / (€ = 1) By (Gpin (7))
0

(G ()dr

< A1y B || V7 (¢, 1, (€) — VT(C 1 (Q))]]

+ B> /OT(T— sV (s, 1,0 (5))

A2C01 ¢q
I'(o1)

. [Blnyi"(c,m,n(o) — VG m©)]

+Bz/ (T
0

—yr<s,m<s>>\] ds

— Vi(s, pn1(s))|lds +

— )M V1 (5, 1n(s))
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< [A1¢q + AQCUI%]

I'(o1)
X B[V (C5 1,0(€)) — V1 (G ()l
+ Bol| V7 (5, 1,0 (8)) — V1 (C, 1 ()]

— 0.

Similarly, for ¢ € [(x, Ck+1], we have

[F1,0(C) = Fra(Q)l

< Ay(g—1)p}?

m-+1 m+1
x Z B; Z V1 (Crs 11,0 (Ck))
=1 k=1

= V1 (G i (G + ) T

k=1

X |lpn () — pa (Gl
m Ck
+ B (¢ —s))‘lfl
X | V1 (85 p1n(8)) — Vi (s, pa(s))l|ds

¢
+ B2 /C (Cs) !

X[V (8, pan(s)) — yik(‘g?ﬂl(s))HdS]

-2 | o~ [ 1
FAs(g -1 S / (Co—7)
k=1 Ck—1

m+1

Br > I9F (G 1,0 (G)) = V1 (oo 1 (G)

k=1

X

+ ZIkHM,n(Ck_) = (Gl
=1

mo e
+ Bs Z/ (G — )"
k=1 Ck—1

X Vi (s, prn(s)) = Vi (s, pa(s)llds — Yy
X (G- IV (s, p1n(5))

¢
—Vi(s,p11(s))|lds d7-_|_/ (s

Cm

m—+1
X []Bl Z V1 (Crs 11,0 (Ck)) — VT (Cher 11 (C))

k=1

3 Tillan(G) — ()l

k=1

m Ck

B Y [ G D )
k=1 Ckfl

~ Vi (s, m()lds

¢
B, /<m<<_s>*11|yf<s,m,n<s>>
—W(&m(S))\dS”dT

+ ZIkH/il,n(C];) — (G )|l — 0. (3.8)
k=1

With the aid of B71) and [B8), we obtained the
operator F : PC([X,7]) — PC([R, 7]) which is con-

tinuous.

Step 3. In this step, we will prove of equicontinuity
of the operator F : PC([X,7]) — PC([X,T]). For

this, we consider

[ Fpa(C2) — Fpa ()l
< A19g[[(G(11(¢2))) — (G(ra (1))l

[fa-nm - [fa-nrm

X gl (G(pa (7))l dr

+ As

< Mo, [Blnyf(gz,m(@))

/OCQ(CQ — syt

|y;‘<s,m<s>>|ds]

— V1 (€1 pa(G))| + Bo

1
- / (G — )M
0

. %gﬁ [Bwr(r,m))n
S FACE i [NITYAEITY

< A19g[B1 || V7 (G2, 1 (C2)) — Vi (Crs pa (o))l
+Ba(C2 — ¢)IV1 (s, 1 (s))]l]

2340085-8
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+A2(C2 = C1)@g[B1 [ V7 (7, pa (7))

Ba|| V5 (s, (5)) ] = 0. (3.9)
With the aid of B9), we have |Fui(le) —
Fui(G)|] — 0 as ¢ — (o. Similarly, we have for
¢ € (CkyCht1)- This means that the operator F is
an equicontinuous operator. Thus, with the help
of Arzela—Ascolli theory, F is relatively compact
which implies F is completely continuous. Con-
sequently, by Step 1 to Step 3, and Schauder’s
fixed-point theorem, the operator F has a fixed
point. Thus, the impulsive system involving ABC-
derivative and Caputo-Fabrizio derivative ([LI)) has
a solution. |

Theorem 5. If the suppositions (Hy)—(Hs) hold,
the impulsive system with ABC-derivative and
Caputo—Fabrizio derivative (ILI]) has a unique solu-
tion provided that the following inequality is satis-

fied:

Ezistence and Stability of Solution in Banach Space

/ (ot

x | V1 (s, pa(s)) — yf(s,m(s))nds}

= V1 (€ Q)] + B2

| Aol = 1"
I'(o1)

= V(7 i (7)) + Bz

[Blnyf(n (7))

/ st

x Vi (s, pa(s)) — y;‘(s,m(s))nds}

Aqy(g—1)p??

X <B1K + %>
A1

A2(q — 1),01(q 2
I'(o1)

(N = ml). (3.11)

Case 2. Let ¢ € ((k,Ckr1]- For this, consider

= Ay(m+1)(g—1)pie? [Fp1(¢) = Fa Q)
m~+1
- < 413 (06011 (60) ~ 6,6 (m (@)
+A2(m+1%((<;—) 1)p, ] [Bl(m—l—l)lC 1; q (11 (Ck q (11 (Ck
cal 3 [ (G (o)
+BQ(7§\L+1)£+mO]—|—mO ’ i
1 ¢
<t (3.10) ~ 0Bl (r)dr + [ (=)t
Cm

Proof. We suppose the contrary path for proving
the uniqueness of solution that is let there exist
two solutions say p1 and f17. Then we consider two
cases

Case 1. Then for ¢ € [0, (1], we have

| Fui(C) = Fri ()|
< Ayl (@gG(11(0))) — (864G (1 ()]
¢
4 A / (€ = )7V (6gGpa (7))
0
(G (1)

< Ai(g— 1R [Blnyf(c, (0))

2340085-9

X (¢q(G(pa(7)) — ¢qG(ﬁ1(7))))dT]

+ Z Trpa(Cy) Ikﬁl(gk_))”
k=1
<Ai(g -1 P m+1)

m+1

By Y 17 (Gho 11 (Gh)) = V1 (G 11 (i)

k=1

X

+ T (G) = Taia ()l
k=1

m C
w82 [ (G i)
k=1 Ck—l
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¢
_yf(‘g?ﬁl(S))HdS +B2/ (C _ S)>\1—1

m

X ||Vi (s, pa(s)) — yf(S,ul(s))\ds]

(q — 1),01(q 2)"”

A
821 Ty

m—+1

Br ) Vi (s pa (h))

k=1

= Vi (7, i (7)) |

+ 3 e ()

k=1

+BQZ/
Tk—1

— Tijia (1, )l
M Vr (s, (s))

Vi (s, ()] | ds + By / (r — sy~

11 (5, 1(5)) = Vi, ﬁ1(s))ds]

(g—2) m+1

-1

_‘_% Bl E ||yi<(7-k,,ul(7-k)>
k=1

= V5 (s i (T | + D | T ()
k=1

— Tpjin (7, ”BQZ/T,C (!
< |17 (5. 1 (5)) - yf<s,n1<s>>||] ds

+ B /T;(T — )Mt

X [V (5. 11(s)) yr<s,m<s>)|ds”

+ ZHIkM(Ck_)

k=1

— T (G )|l

< A(q— 1),0;(‘1_2) (m+1) [[]Bh(m + DK

]Bg(m + 1)

A1 £

— |l + mO|pur — fia ] +

_ Aq—lp(qQ)m—l—l
<l = | + L=t D

« [Balom + 1)Kl = |+ mO

]Bl(m + 1)

s =l + 2D g |
1

+mO||py — i

Ailg— 1) m+1)

. *(q—2)
+ Al(q 1)p1 (m + 1) []B%l(m + 1)IC
['(o1)
X + Bl(?i—i_l)ﬁ + m(’)} + mQO
1
X ||pr — fa |-
(3.12)

Consequently, with the aid of Case 1 to Case 2
and condition (B.I0]), we obtain F is a contraction.
With the aid of Banach’s fixed-point theorem, it
implies that the fixed point is unique, which fur-
ther implies that the impulsive system involving
ABC-derivative and Caputo—Fabrizio derivative has
a unique solution. O

4. HYERS-ULAM STABILITY OF
SOLUTION

In this part, we provide adequate and necessary con-
ditions for HU-stability for the solution of impulsive
system FDEs.

Theorem 6. With the aid of the conditions (H;)-
(Hs), the impulsive system with ABC-derivative and
Caputo-Fabrizio derwative (1)) is Hyers—-Ulam
stable.

Proof. With the aid of Theorem 3, we have

2340085-10



o~ AT

Ezistence and Stability of Solution in Banach Space

p(€) — f(C)
( ¢
Yo + A19g(G(p1(¢))) + A2/ (€= 7)7 H¢g(G(pa(r))))dr, for ¢ € [0, 1],

0

1
Yo + A1[G(u1(C1)) + G(p1(C))] + Az [ /0 (¢ = 7)7 " g (C(pa(7))))dr

¢

) [ e + (). for ¢ € (61,
m+1 m

Yot A1 S Gur(ch) + Az | / ) (60 (G (ua (7))
k=1 k= k-1
¢
- r>f’11<¢q<<@<u1<¢>>>>df} o) for ¢ € [Gm, 7).
Cm k=1
(4.1)

Then for ¢ € [0, (1], we have

GG < (B + 2c) ] (o =al). (42
< 8104611 (€))) = 84 (G(En ()|

Now for ¢ € [Ck,Ckr1], where &k = 1,2,...,m, we
¢ _1 have
Iy / (€ = ) (g (Gous (1))
o 111(C) = i (O]
— (¢g(G(fia (7)) | dr .

<Ay Z 169G (111 (Ck)) — PqG (111 (Sr))

<Ai(g—1)p; H(a-2) B1[[Y1(¢, 11(€)) k=1

—YHG ()] + Bs T A Z/ U6y (G (7))
¢ —1 7 Ck—1
S TACEE i CHOVAE) — 0y(G (7 (7)) dr
(q—2) ¢ o1 —
~ Yi(s, n(s)) s | + 22 r@)f;l # | €= Cn(r)
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— 0q(G(pa (7))l dr

y []Balnyf(f,m(r)) Vi ()

/ (ot

—yf(s,ﬁl(S))ldSI

+ 3 Tk (G0) = T (G|

k=1
< Ai(g—1)p[ "
m+1
By Y V5 (Crr 11 (Gr))

>
k=1

— V1 (G, 1 (Ck)) |

+ Bo

Vi (s, pa(s))

m+1

Ai(g—1)p? 4

Ag(q—l) *(q—2)
F(O’l)

2340085-11
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+ ZHL@M(C};)

— Lrfir (G, )|l
k=1
m Ck
B3 [ G G )
k=1 Ck—l

¢
_yik(5>ﬁ1($))|ds/ (¢ —s)M1

m

X [Vi(s, pa(s)) — yf(&/ll(s))lds]

Ck
+A1(q—101q2[2/ )7
k+1

m+1

B, Z 11 (7hes 111 (78)) — V1 (7hey 1 (78)) |

k=1

+ 3 T (i)

%Z/ 7= MY 5, (5))

— Lijir ()|

Vi (s, i (s))llds + B / (r — sy

X |IV1 (s, pa(s)) — yi"(sjﬂl(S))ldSI dr

¢ m—+1
+/<m(C -7t []Bl ;Hyf(ﬁc,m(%))
= Vi (e, i (me)) (¢ = )M = Tifia ()|

M H|YE (5,1 (s))

+ Bo Z/
= Vi(s, () lds(¢ — ) MV (s, pa(s))

+ 3 1T ()

k=1

— Vi (s, fin(s))lds | dr

— L1 (¢

Ag(m+1)(g —1)p}0™?

)p*(Q*Q)

+A2(m+1)(q—1 1

I'(o1)

[IB%l(m +1)K

B 1
i 2(m+ )

3 E+(m+1)(9]+m(/)
1

< 1 — i
(4.3)

|

As a result, with the aid of Eqs. (£2)) and (4.3),
the impulsive system involving ABC-derivative and
Caputo-Fabrizio derivative (1)) is Hyers-Ulam
stable.

5. APPLICATION

The following example illustrates the application of
the theorems stated in Secs. [3] and [l

Vi€ m(Q) =
ﬁ,( € [0, 1]. Consider the following impul-

sive FDEs as an example of (B.1)):

0 D (5 (§ DO (11 (Q))) = V(G m(Q)),s
CER= [077]7

Example 1. Suppose that

Alps (§ DO (11 (G)))]

= () = Tu(¢y) = (),
Apn(Cr) = () = Zr(¢,) = m(¢y),
[6p(§ DO (11(0)))] = o, 1(0) = pao.

(5.1)
For p = 5,p] = 05,01 = 0.4,\; = 04,m =
30,k = 1,2,...,30 which implies £L = K = O =
0.001. The conditions (Hj;) — (Hjs) are satisfied and
w* < 1.
Case 1. For ¢ € [0, (1] where (; € [0,1]

A -1 *(q—2)

= D(o1)
(Blzc 25 =l <1
e |20 —a)(e - 1)p; 0
o 2M(O’1) —O'1M(O’1)
N 20.1( 1)p1(‘1 2)
2M(O’1) — O'1M(O’1)P(O’1)

(1- MK ML
X( B(h) +B(/\1)T()\1+1)>

= 0.0066602 < 1.

(5.2)

2340085-12
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Case 2. For ¢ € [, C11]

w’ =

Ay(m+1)(g— 1)}

Ao(m +1)(q — 1)p{"?
I'(o1)

] []B%l(m + 1K

n IBQ(’I?’L + 1)
A1

W*:[[ﬂl—aﬁ@r+nw_lmﬁqm

E—i—m(’)] +mQO| <1,

2M(0’1) — O'lM(O'l)

201 (m + 1)(g — 1)p; "
2M(0’1) — UlM(Ul)F(Ul)

K

(I=X)(m—+1)
) [ B(\)

n Al(m + 1)
B(A)T (AL + 1)

E—i—mO} + mQO

=0.7392 < 1. (5.3)

By Theory 3 and Egs. (B2), (B3)), we deduce
that the impulsive system ([I]) has a unique posi-
tive solution. Thus, similarly, the impulsive system
fractional differential involving ABC-derivative and
Caputo-Fabrizio derivative (A3]) is Hyers-Ulam
stable.

Here, we use the new numerical scheme to
show the numerical simulation of the impulsive

solution

04
02

lambda

(a)

Ezistence and Stability of Solution in Banach Space

system fractional differential with ABC-derivative
and Caputo—Fabrizio derivative on (0.1].

We illustrated our results for an impulsive system
by using MATLAB Ver. 9.10.0.1602886 (R2021a)57
at different fractional orders. We divided the proof
into the following cases:

Case 1. We designated one value to ABC-derivative
where o1 = 0.4, while the Caputo—Fabrizio deriva-
tive A1 is calculated at different fractional orders
A = 0,...,1. In Fig. [, @=j;,,7 = 1,...,30 are
the solutions of our proposed system. The solu-
tions are investigated at various values k, where
k=1,...,30.

We designated one value to ABC-derivative
where o1 = 1, while the Caputo—Fabrizio deriva-
tive A1 is calculated at different fractional orders
A1 = 0,...,1. In Fig. b, wj;,i = 1,...,30 are
the solutions of our proposed system. The solu-
tions are investigated at various values k, where
k=1,...,30.

Case 2. We designated one value to Caputo-
Fabrizio derivative where A\y = 0.4, while the ABC-
derivative o; is calculated at different fractional
orders o1 = 0,...,1. In Fig. Bh, w3;,i = 1,...,30
are the solutions of our proposed system. The solu-
tions are investigated at various values k, where
k=1,...,30.

We designated one value to Caputo-Fabrizio
derivative where \; = 1, while the ABC-derivative
o1 is calculated at different fractional orders o1 =
0,...,1. In Fig. Bb, w3;,? 1,...,30 are the
solutions of our proposed system. The solutions

SULLINIRINAANANY
PP AR
$ T
-

0.6

04

0.2

lambda

(b)

Fig. 1 The approximate solutions of the proposed impulsive system: graph (a) represents w” at 01 = 0.4 and \y =0,...,1;

graph (b) represents @w”* at 01 =1 and \; =0,...,1.

2340085-13
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RUMARARAAY

solution

sigma

(a)

o
(LRI

\EY
\,}\}{\}“\\,\“'_‘.‘
ILETRTR

sigma

(b)

Fig. 2 The approximate solutions of the proposed impulsive system: graph (a) represents " at A\ = 0.4 and 01 =0,...,1;

graph (b) represents w”® at Ay =1 and 07 =0,...,1.

are investigated at various values k, where k =
1,...,30.

We conclude that @w* represents a better approxi-
mation to our exact solution for the proposed impul-
sive system.

6. CONCLUSIONS

We focused on establishing existence and unique-
ness in this literature by using Leray—Schauder’s
theory. We were able to provide necessary condi-
tions for the existence of a solution for an impul-
sive system FDEs involving ABC-derivative and
Caputo—Fabrizio derivatives. For these purposes, we
converted our problem into the form of integral
equations. Then, we investigated the existence of
solutions with the aid of Leray—Schauder’s theory.
We verified the uniqueness by using the Banach
principle. Also, we investigated the HU-stability
of the solution. To demonstrate the results, we
included an example to support our results. We rec-
ommend that future work investigates the problem
of the Controllability of semilinear impulsive FDEs
by Caputo-Fabrizio derivative.
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